In the [1], a logarithmic correction to the Bekenstein-Hawking entropy was suggested to act as the entanglement entropy which encodes the black hole information. A quench model of CFT within finite Euclidean time was proposed and justified by the alternative sign for n-partite quantum information. However, this prelimary form suffers from the notorious divergence at its low temperature limit. In this letter, we propose a modified form for black hole entanglement entropy such that the divergence sickness can be cured. We discuss its asymptotic form at both IR and UV limit and relation to the higher loop quantum correction. At last, we argue that the black hole remnant hypothesis may not be needed for this modified entanglement entropy. *
I. INTRODUCTION
We recall that for a two-dimensional conformal field theory quench system, the late time behavior of the entanglement entropy between two separated half regions grows like [2, 3] S E ∼ c ln t ǫ ,
for central charge c and the UV cutoff ǫ. On the other hand, a logarithmic correction to the Bekenstein-Hawking entropy was known for quantum black hole:
In the case of Schwarzschild black hole in Minkowski spacetime where A = 16πGM 2 ,
equation (2) takes same form as (1) if we consider the time scale is determined by the Hawking temperature, or period of Euclidean time, that is β = 8πGM, and the UV scale can be set by the Planck mass, say ǫ ∼ m p . The central charge c encodes the degrees of freedom in the field theory, while the constant of proportionality α could depend on species and spins of radiated particles [4] . These similarities, as summaried in the Table I, have made us propose a (0+1)−dimensional quench model such that a massive radiated particle comes in sudden entangled with a black hole of mass M would carry the entanglement entropy S E ∼ ln(M/m p ) at late time [1] . The n-partite quantum information, which carries alternative signs for even or odd n, was also proposed following the definition of mutual information in the Parikh-Wilczek tunneling model [5] [6] [7] . We summarize these results in the Appendix A. In this letter, we would like to further investigate this similarity between entanglement entropy in the conformal field theory and that in the black hole radiation. To be specific, while the form (1) suffers from divergence as time goes on, (2) also diverges at its infared (IR) limit as M → ∞. In this letter, we would like to point out that this potential sickness in the black hole entanglement entropy could be cured in a similar manner as that in the field theory side. The resolution calls for two-loop correction or more to the Hawking temperature. Its impact to the hypothesis of remnant is also discussed. This paper is organized as follows: In the section II, we apply the quench model to the BTZ black hole, of which we have a two-dimensional conformal field theory description. Then we propose a modified form for (2) such that the entanglement entropy remains finite at its IR limit. In the section III, we investigate the modified entanglement entropy at deep UV and IR regions and show its connection to the higher loop quantum we briefly inftroduce the definition of n-partite information from quantum quench model.
II. BTZ BLACK HOLE AND FINITE ENTANGLEMENT ENTROPY
For simplicity, we will focus on the nonrotating BTZ black hole in the asymptotic AdS with curvature radius l. The metric reads
where the horizon is given by r + = l √ M . The Hawking temperature and BekensteinHawking entropy are given by
Taking the perturbative approach towards quantum black holes, the Hawking temperature is expected to receive one-loop quantum correction as follows [8, 9] :
As a result, the Bekenstein-Hawking entropy is corrected by a logarithmic term [4, 10] :
Following the argument in the previous section, we identify the entanglement entropy with the logarithmic correction term such that
for a positive constant c = |α 1 |πh 2G
given α 1 < 0 [10] . Here we have explicitly used Euclidean time period β and chose the Planck length l p as UV cutoff scale. It is obvious that (9) is divergent at low temperature limit where β → ∞. This IR divergence is in fact consistent with discussion in the [11] where it was argued that the IR divergence is due to the scaling symmetry in the free two-dimensional CFT. However, we expect a finite system can only store finite amount of entanglement entropy and this calls for some boundary effect or interaction manifest at late time. On the other hand, one should not forget that thermal
AdS phase is energetically favored than BTZ when β > 2πl during the Hawking-Page phase transition. Therefore, we propose that (9) takes a modified form 1 :
where the meaning of Λ and D will be clear to us later. Now we should restrict the range of β ∈ [2πl p , 2πl] in which the BTZ solution is energetically favored. If one further demands that entanglement entropy vansihes at UV limit (β → 2πl p ) and approaches to a constant at IR limit (β → 2πl), one can fix the constants
We plot the behavior of (9) and (10) (10) is sensible to the change of degrees of freedom in a generic quantum gravity system where both l and l p are nonzero.
III. PERTURBATIVE CORRECTION TO HAWKING TEMPERATURE
In the previous section we simply guess the form (10) based on its similar cousine in the corresponding two-dimensional CFT. Here we would like to find some clues led to a 1 A similar form was already suggested in the [12] to render finite von-Neumann entanglement entropy in the CFT. possible derivation of this modified form. First we expand (10) for extreme low and high temperatures. At its IR limit where 1 ≪ β ≃ 2πl, we have expansion
Together with the Bekenstein-Hawking entropy, one could attribute this logarithmic correction to the running Newton constant at an IR fixed point:
On the other hand, at the UV limit where 2πl p ≃ β ≪ 1, the expansion reads
The additional linear β term could be obtained if one includes two-loop correction to the Hakwing temperature,
such that
where the coefficient
. One expects higher loop correction to Hawking temperature corresponds to subleading power-law terms like β n for integer n > 1 [13] . If there exists some UV-complete quantum gravity theory, these loop correction terms might be resummed under some symmetry principle to give rise to a nonperturbative correction, for instance
where F may expand like (15) perturbatively.
IV. COMMENTS ON REMNANT AND MORE
In this section, we would lilke to examine the hypothesis of black hole remnant in presence of our modifed logarithmic term. The remnant state usually corresponds to zero or minimum of black hole entropy [14, 15] . It is straightfoward to check that the BekensteinHawking entropy remains a monotoneously decreasing function with increasing β after receiving modified logarithmic correction (10), so there is no minimum. As shown in the Fig. 2 , the corrected Bekenstein-Hawking entropy vanishes before β reaches Hawking-Page temperature only for positive α 1 , which is not preferred in many aspects [10] . Abovementioned facts imply that the BTZ black hole would simply tunnel into the thermal AdS below the Hawking-Page temperature and there seems no need for the hypothesis of remnant. While earlier discussion on logarithmic correction may lead to the proposal of black hole remnant, such as [16] for instnace, our proposal of modified entanglement entropy shows no need for such hypothesis.
As a final remark, in this letter we only discuss the black hole whose inverse Hawking temperature β only depends on single charge M. Therefore one can easily establish connection between real time t and black hole mass M. It would be interesting to further investigate the applicability of similar entanglement model to those black holes with multiple charges. Appendix A: n-partite information from quantum quench model
In [1] , we have proposed a quench model staing that a quantum state comes in sudden entangled with a black hole would carry the entanglement entropy S E ∼ ln(M/m p ) at later time and this entanglement is responsible for logarithmic correction to the BekensteinHawking entropy. Then it is suggested to define the one-partite information as relative entropy between two different black hole masses: the origianal black hole mass and that after emitting a particle with mass ω i . That is,
Then the bipartite information among two emitted quanta ω i and ω j can be defined by the conventional way:
This bipartite information exaclty captures the quantum part in the definition of mutual information, which measures how does the entropy change for an emission ω j depend on whether an earlier emission ω i happens or not, that is
where S E (M ′ , ω i ) ≡ S BH M ′ =M −S BH M ′ =M −ω i and S E (M, ω j ω i ) = S E (M −ω i , ω j ) for the tunneling model [5, 6] . After all, the n-partite information can be computed iteratively from (n − 1)-partite: = 8πα ln
where indexes p, s, t, u, · · · run through 1, 2, · · · , n. It has been shown that the n-partite information is always positive for even n and negative for odd n [1] .
